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Abstract: This paper deals with the verification of models for the calculation of the contact area with the soil using data
measured during the testing of a tractor-and-trailer unit. The main emphasis was put on the method of calculating the
contact area by means of a super ellipse. The comparison included calculation models with the input parameters of con-
tact length and contact width of the tyre. These parameters were compared with values measured in the field where
the main variables were tyre dimensions, inflation pressure and load. Results of comparisons show that the method
of calculating the contact area using a super ellipse exhibited the best match with the measured values of all compared
calculation models (81% in super ellipse with measured half-axes and 75% in super ellipse with calculated half-axes).
As to trailer tyres, the match of measured values and those calculated using a super ellipse was even 95%. In the second
step, also some empirical models for calculating the contact area were compared with the measured data, not entered
by contact length and contact width as variables. Some of these models show a very good match with the measured data,
which can be compared, or it is even higher than the calculation by means of a super ellipse. With the specified tyre
deformation, however, we consider the model of calculation using a super ellipse as more appropriate for determining
the size of contact area as it focuses on the geometry of tyre contact with the ground.
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Travel assembly of forest and agricultural ma-
chines comes into contact with the soil surface
of the forest stand on the bearing surface (contact
area), the size and shape of which depend on multi-
ple factors, e.g. tyre dimensions and type, inflation
pressure, wheel load and also on soil characteristics.
The contact area is important in terms of the effi-
ciency of engine performance transfer on the soil
surface as it affects the magnitude of shearing
stress in the soil, induced by the transfer of the

driving torque. Contact pressure between the trac-
tor and the ground, which affects undesirable soil
compaction, is decreasing as the contact area in-
creases. This is important particularly when driv-
ing across loose soil or on soil with higher moisture
content, which is the most susceptible to compac-
tion (Smerda, Bauer 2010).

The issue of the determination of tyre contact
area size has been studied by multiple authors
who developed calculation models based on their
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observations and measurements. The most com-
monly used of them for practical calculations is the
vertical projection of the tyre footprint in the soil
of poor carrying capacity or the tyre contact area
on solid ground.

When measuring the footprint of a tyre with the
protruding pattern blocks, it is necessary to distin-
guish between ideal (projection of tyre footprint),
actual and effective contact areas (Figure 1). In gen-
eral, the area of the tyre footprint is also considered
the tyre area between the pattern blocks in spite
of the fact that it is not completely in contact with
the base of the hard surface. The measured values
of effective footprint areas are used in more ac-
curate calculations and in determining the shear
stress in the soil during the transfer of wheel drive
torque. The size of the ideal footprint area is over-
rated compared with the real area and is used
in some calculation models based on the average
load of wheels (Saarilahti 2002).

There are multiple empirical models dealing
with the calculation of the contact area between
the tyre and the soil with low bearing capacity that
show an increased contact area when the bear-
ing capacity of the soil is decreased, e.g. Komandi
(1990), Schwanghart (1991), or Grecenko (1995).
When the tyre is buried in the soil with low bear-
ing capacity, a part of the load is also transferred
by the sides of the tyre, and the bearing surface
is represented by the general area (Pacas 1983).
Calculation models of other authors (Sohne 1958;
Waulfsohn, Upadhyaya 1992) also show that at the
given inflation pressure and load, the contact area
increases by decreasing the soil rigidity. Diserens
(2009) performed regression calculations to evalu-
ate the contact area. The author obtained the best
evaluations from multiple regression calculations

projection real
of contact area contact area

from measurements identifying tyre structure
(cross-ply or radial), tyre width for the cross-ply set
and tyre type for the radial set (low-profile or terra
profile). Variables such as tyre dimension (product
of width and overall diameter), wheel load and in-
flation pressure were also highly significant. Ani-
fantis et al. (2020) used an experimental, numerical
approach for modelling the mechanical behaviour
of a tyre for agricultural machines. The response
surface methodology was applied to find two math-
ematical regression models, useful for studying the
variations of tyre footprint dimensions according
to the type of tyre.

When the tyre is in contact with solid ground,
the contact area size decreases with the increasing
tyre stiffness caused by increased inflation pres-
sure (Koolen et al. 1992). Diserens et al. (2011)
dealt with the mathematical determination of the
contact area of agricultural traction tyres on firm
soil. Based on field measurements and using tyre
size, load and inflation pressure, the authors de-
termined three classes of tyres for evaluating the
contact area. Grecenko (1995) determined the tyre
footprint area on the hard ground using catalogue
values. The author specified a correction factor
depending on the actual tyre load to assess the
footprint area of a tyre with arbitrary loading and
inflation pressure.

When calculating the footprint area (contact
area), it is also necessary to determine the shape
of its contour. Upadhyaya and Wulfsohn (1990)
developed a mathematical model for the tyre
contact area on the solid ground, based on wheel
geometry and tyre deformation. Results of calcu-
lation relations of the model show that the contour
of the footprint area of a tyre with minor deforma-
tion is an ellipse and that it approaches a rectangle

effective
contact area

N\

Figure 1. Tyre contact area on the soil with

poor carrying capacity (Abeels 1994)
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Figure 2. Tyre contact area
and rut depth at different
values of soil moisture con-
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if the deformation increases. According to Pacas
(1983), the shape of the contact area ranges from
circular to rectangular according to the tyre type
and inflation pressure. Blaszkiewicz (1990) deter-
mined the contact area between the tyre and the
ground with the help of a mathematical model.
The model used a rectangular coordinate sys-
tem to determine the coordinates of points in the
contact area.

In agricultural and forest machines, calculation
models were also applied for determining the size
of the tyre footprint area, based on the assump-
tion that the shape of the contact area contour
is a super ellipse (for the concept definition see the
chapter Material and Methods). This method of de-
termining the contact area is used by many authors.
For example, Hallonborg (1996) considered the su-
per ellipse to be the best way how to describe the
form and shape of the contact area which may
vary from a circle through an ellipse to a square
or even a rectangle. Figure 2 provides an example
of the tyre contact area and rut depth at different
values of soil moisture content. Keller (2005) as-
sumed that the contour of the contact area has the
shape of a super ellipse where the longitudinal and
transverse axes of the tyre footprint area are axes
of symmetry. Schjgnning et al. (2008) developed
a calculation model called FRIDA dealing with the
distribution of pressure in tyres that are in contact
with the ground. This model makes use of a super
ellipse for describing the contact area shape. Rosca
et al. (2014) predicted the traction force and trac-
tion efficiency for a 2WD agricultural tractor, as-
suming the shape of the tyre-ground contact area
to be a super ellipse.

Ptak et al. (2022) studied the deformation of bias-
ply and radial tyres under variable vertical load and
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tent (Hallonborg 1996)

inflation pressure using the 3D scanning method.
The 3D scanning method was also used by Farhadi
et al. (2018) when investigating the effect of chang-
es in the tractor tyre contact volume on rolling re-
sistance. Derafshpour et al. (2019) used a system
based on image processing for the real-time as-
sessment of the dynamic tyre contact area. Melzi
et al. (2014) performed a numerical analysis of the
influence of tyre characteristics on the driving com-
fort of an agricultural vehicle using a multi-body
model. The tyre contact surface was computed ac-
cording to the tread pattern geometry.

This paper deals with a comparison of models
calculating the tyre contact area with the ground
using data obtained during the testing of a trac-
tor-and-trailer unit. The goal of the comparison
is to find a calculation method by means of which
the size of the tyre contact area could be calculated
based on tyre dimensions, its deformation and in-
flation pressure.

MATERIAL AND METHODS

Theoretical part

The comparison of tyre contact area calculations
with the measured values will make use of calcu-
lation models developed by several authors. In or-
der to be able to compare the calculation models
with each other, all selected models of contact
area calculation work with the same input param-
eters (contact length, contact width and tyre de-
formation). As part of the discussion, three more
models will be included in the comparison which
do not work with these input parameters but use
e.g. statistical data obtained from several measure-
ments. At the same time, the comparison will also
include the method of the contact area calculation
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by means of a super ellipse, where contact length
and contact width will be used in the first step,
measured from the tyre footprint (projection of the
tyre tread part when lamellas are in contact with
the solid ground). In the next step, the comparison
with measured values will include also the process-
ing of contact length and contact width. The values
exhibiting the best match with the measured data
will be used for the calculation of the super ellipse.
The calculation models, diagrams and statistical
evaluation will be run in the MS Excel program
(Version Microsoft Office Professional Plus, 2016).
When analysing the results of the measurements,
the percentage deviations of the measured data
and the results of the calculation models will be first
calculated for all variants of the tyre/load. Then the
arithmetic mean of the differences in the measured
values and deviations will be calculated for each
model, which will indicate the agreement with the
measured values. Calculation models to be used
in the comparison are as follows:

The super ellipse model. A number of curves
such as a circle, ellipse, but also a square or rec-
tangle can be expressed by the Equation (1) in-
troduced by the French mathematician Gabriel
Lamé in 1818:

n n

x Y

— +[5 =1 (1
a b )
where:

a, b — half-axes of the super ellipse (m);

x,y  — coordinates of the super ellipse (m);

n — exponent of the super ellipse.

In the orthogonal coordinate system, the super
ellipse exponent # is a positive real number which
determines the super ellipse shape, while the pa-
rameters a and b are half-axes which determine its
size. By changing the value of the exponent 7, Lamé
obtained a wide spectrum of curves. A curve for
n = 2 is an ellipse (for a = b it is a circle). If the
value of n is decreasing to 1, the curve creates
a peak on the top; a curve for n = 1 is a parallel-
ogram (diamond). For n > 2, the curve sides are
flattened and the curve shape starts to resemble
a rectangle. The Danish mathematician P. Hein
suggested that Lamé curves would be referred
to as the super ellipse. Calculation of the super el-
lipse area requires using the so-called gamma func-
tion I' (Spichal 2020), see Equation (2):

S =4xaxbx 5 (2)
F(l + j
n
where:
S — super ellipse area (m?).

Keller (2005) developed a relation that is used for
the calculation of the super ellipse exponent n based
on the measurement of the tyre contact pressure.
The relation expresses the dependence of the su-
per ellipse exponent n on tyre dimensions, see
Equation (3):

2
n=2x1x(b,xd) +2 (3)
where:
bp — tyre width (m);
d — tyre diameter (m).

The use of the relation for the calculation of the
exponent # in the equation of the super ellipse
showed a good match with the measured data of the
contact area (Diserens 2009; Rosca et al. 2010). As-
suming that the longitudinal and transverse axes
of tyre contact area are axes of the super ellipse
symmetry (Keller 2005), its half-axes a and b will
have half values of the contact area length and
width, as described by Equation (4):

l b
a==;bh=-—- (4)
2 2
where:
l, — total length of the tyre contact area — contact
length (m);
b, — max. width of the tyre contact area — contact

width (m).

Modifying Equation (1), we get the relation of the
dependence of the coordinates y and x, needed for
the construction of the super ellipse, as described
by Equation (5):

y=bx[l—[§ﬂ (5)

Model according to Schwanghart (1991). This
model is designed based on the results of testing

S
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Figure 3. Elastic tyre on a soft surface
(Schwanghart 1991)

four types of tyres sized from 18" to 28" in combi-
nation with four degrees of inflation pressure and
loading. The mathematical model will calculate the
contact area of elastic tyre on a soft surface accord-
ing to Equations (6-8):

S=0.77xb, x1. 6)

where:

l — contact length (Figure 3).

c

The contact width b, in Equation (6) is counted
according to Equation (7):

F,

b,=b,+ ¢, x—* (7)
FKN

where:

Fy — static wheel loading (N);

Fry  — nominal wheel loading (N);

< — constant, ¢; = 0.3-0.5.

The contact length /, in Equation (6) is counted
according to Equation (8):

ZC:ll+12=\/dx(z+8)—(z+6)2+ [dxs - & (8)

where:
z — wheel sinking [rut depth (m)];
) — tyre deformation (m).

Model according to Febo (1987). This model
represents an empirical relation for calculating
the tyre contact area on a soft surface, developed

148

§ — tyre deformation (m); /. — contact
length (m), [, = [, + l,; r — radius of un-
loaded tyre (m); r, — radius of loaded
tyre (m); z — wheel sinking [rut depth (m)]

on the basis of measuring characteristics of tyres
used in agriculture, see Equations (9-11):

s="x I xb, 9)
4

I =2x~d x& (10)

b, = b, x (1 - exp’kxs) (11)

where:

j — constant, for standard tractor tyres j = 0.41, for
tyres of forest machines j = 0.44;

k — constant, for standard tyres k = 33, the value
recommended for tyres of forest machines
is k = 36 (Saarilahti 2002);

by - tyre pattern width (m).

Model according to Lyasko (1994). This mod-
el uses the results of research studies conducted
in the Soviet Union for the calculation of the con-
tact area of elastic tyre on the solid ground. The re-
lation for calculating the contact area S is the same
as defined above in Equation (9); contact length
and width are to be calculated according to the fol-
lowing Equations (12-14):

[ =c,x [dx8 -8

23

C, =

ABS(: - 3.5) +11.9

P
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b, +h
b, = 2x x§ -8 (14)
2.5
where:
ABS - absolute value;
h — tyre profile height (m).

Model according to Saarilahti (2002). This
model presents the calculation of the contact
area of elastic tyre on the solid ground. The calcula-
tion of the contact length /, is based on Equation (8),
when soil deformation is z = 0, as in Equation (15):

[ =2x, [dxd -8

Contact width b, is calculated using tyre defor-
mation 6 and transversal radius r, [Equation (16)]:

(15)

b,=2x [2x1,x8 - & (16)
where:
p — transversal radius.

The transversal radius is recommended for diag-
onal tyres of machines with a small side deforma-
tion, see Equation (17):

by

=2 (17)

Field measurements

The tractor-and-trailer unit was tested at the
Training Forest Enterprise Masaryk Forest Kitiny,
Mendel University in Brno, which consisted of Val-

Table 1. Types and dimensions of tyres, axle load

tra 134 tractor and Agama LV 10 trailer with the ef-
fective carrying capacity of 10 t (Table 1). The front
axle of the Valtra 134 tractor was equipped with
Nokian 380/85-28 tyres, and the rear axle was
equipped with Nokian 460/85-38 tyres. The tan-
dem axle of the Agama LV10 trailer was equipped
with Alliance 500/45-22.5 tyres. During the tests,
the tyres were inflated to three pressure levels
— 150 kPa, 200 kPa, and 250 kPa. The tests were
performed in two variants of timber unit loading:
empty trailer and trailer with a load of 4200 kg
(spruce roundwood of 4 m in length). The longi-
tudinal slope gradient and cross slope of the solid
surface was 0°.

In the tests, the radius of unloaded tyres and
radius of loaded tyres were measured by an elec-
tronic calliper on the solid ground for each variant
of loading and inflation pressure, and tyre foot-
prints were taken on a large format sheet of paper.
Subsequently, tyre deformations were calculated
for the realised variants of measurements. Imag-
es of tyre contact areas were evaluated using the
method of image analysis in the graphical pro-
gramme Draft Sight (Version Standard, 2014). Each
contact area was circumscribed by a curve and its
surface area was calculated using the programme.
At the same time, contact length /, and contact
width b, of the footprint were also measured in the
programme. Exponents of the super ellipse n (Kel-
ler 2005) were calculated according to Equa-
tions (3-5), and the curves of the super ellipse were
constructed and added into the footprints. Exam-
ples of tyre footprints with the marked tyre con-
tact area and illustrated super ellipse are presented
in Figure 4. The measured data were compared
with the values calculated according to relations
presented in the theoretical part.

Tractor Valtra 134

Trailer Agama LV 10

Parameters — axle load

front axle rear axle front axle rear axle
Empty trailer (kg) 15 845 19375 9418 10010
Loaded trailer (kg) 13 685 21582 20012 19 965

Parameters — tyres type Nokian 380/85-28

Nokian 460/85-38

Alliance 500/45-22.5 Alliance 500/45-22.5

Diameter (mm) 1349
Width (mm) 370
Pattern width (mm) 360
Profile height (mm) 323

1736 1015 1015
460 500 500
450 490 490
391 225 225
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Figure 4. Images of tyre footprints of tractor and trailer in variants 'empty' and 'loaded’ with the circumscribed contact
area and indicated super ellipse: (A) tractor (front tyre), inflation pressure 150 kPa, loaded trailer; (B) tractor (rear tyre),

inflation pressure 150 kPa, loaded trailer; (C) trailer (front tyre), inflation pressure 200 kPa, loaded; and (D) trailer (front

tyre), inflation pressure 200 kPa, empty

RESULTS

Information about the tyre deformation (due
to its loading) and tyre contact area for three dif-
ferent variants of tyre inflation and two variants
of axle loading is given in Tables 2 and 3.

The measured and calculated values of tyre foot-
print length, width and contact area for the tractor-
and-trailer unit with the empty and loaded trailer
are shown in Figures 5-10. The match of measured
and calculated data is presented in Tables 4-6.
Figures 5 and 6 present results of calculations
of tyre footprint length according to Schwang-
hart (1991) and Saarilahti (2002) shown together
as one value as the method of calculation is identi-
cal: Equation (8) — Schwanghart (1991) is iden-
tical to Equation (15) — Saarilahti (2002) when the
ground deformation is zero (z = 0).

Figures 5 and 6 demonstrate a relatively good
match of results of the Schwanghart (1991) — 86%

150

and Lyasko (1994) — 89% calculation models with
the measured values of tyres of an empty and load-
ed trailer, which were wide tyres with the profile
of tyre width and profile height being b/h = 2.13.
The calculation model of Febo (1987) has a lower
match (59%) in this case, which is given by the con-
stant j in the relation, being empirically determined
forindividual types of tyres, while a constant recom-
mended for the tyres of forest machines is j = 0.44.

In tractor tyres, calculation models by Schwang-
hart (1991) and Lyasko (1994) show a lower match
with the measured data (62% and 59%, respective-
ly). The standard tractor tyres had a ratio of width
to profile height b/h = 1.16 and 1.15. The Febo
(1987) calculation model exhibits a better match
(75%), which is given by a better adjustment of the
constant j (in standard tractor tyres j = 0.41).

For the resulting calculation of the super ellipse,
we selected Equation (8) — Schwanghart (1991)
in which the match with the measured values for
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tractor tractor trailer trailer
front axle rear axle front axle rear axle
0.700 7 Nokian 380/85-28  Nokian 460/85-38  Alliance 500/45-22.5  Alliance 500/45-22.5
0.600 -
g 0.500 A = measured data
gb 0.400 - = Schwanghart,
g Saarilahti
+
g 0300 - + Lyasko
o
S 0.200 - = Febo
0.100 A
0.000 -
250 200 150 250 200 150 250 200 150 250 200 150
Tyre pressure (kPa)

Figure 5. Comparison of calculated tyre footprint lengths with measured values — Empty trailer

tractor tractor trailer trailer
front axle rear axle front axle rear axle
0.800 7 Nokian 380/85-28  Nokian 460/85-38  Alliance 500/45-22.5  Alliance 500/45-22.5
0.700 A
) 0.600 1 = measured data
g) 0.500 1 = Schwanghart,
5 0400 4 Saarilahti
-
Q
£ 0300 = Lyasko
15
© 0.200 A = Febo
0.100 A
0.000 -
250 200 150 250 200 150 250 200 150 250 200 150
Tyre pressure (kPa)

Figure 6. Comparison of calculated tyre footprint lengths with measured values — Loaded trailer

tyres of tractor and trailer was 75%. The relation
is also entered by wheel sinking (rut depth) as a pa-
rameter, and it is therefore applicable also in con-
ditions of the ground with lower bearing capacity.
According to relations published by Lyasko — Equa-
tion (14), Febo — Equation (11), and Saarilahti
— Equation (16), the measured values of tyre footprint
width (Figures 3 and 4) markedly differ from the cal-
culated values. Results of measurements indicate that
at the inflation pressure of 250 kPa, the tyre footprint
width is smaller than the total tyre width and increas-
es slightly with the decreasing inflation pressure. Re-
sults according to Equation (7) — Schwanghart (1991)
were closest to the measured values (match 74%).

152

In this case, however, the equation is entered only
by the tyre width b, wheel load Fy, and nominal wheel
load Fy,, with the tyre footprint width b, being iden-
tical at different inflation pressure. In the other au-
thors (Febo 1987; Lyasko 1994; Saarilahti 2002), the
tyre deformation 6 also enters the relations as a vari-
able, which indirectly expresses the effect of different
inflation pressures; in all cases, however, the calcu-
lated tyre footprint width b, was significantly lower
than the measured values.

The difference between the calculated and meas-
ured values can be explained by dimensions and
type of tyres, based on which the constants in cal-
culation models were set. For example, in Equa-
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tractor tractor trailer trailer
front axle rear axle front axle rear axle
06 1 Nokian 380/85-28 Nokian 460/85-38 Alliance 500/45-22.5 Alliance 500/45-22.5
0.5 1 = measured data
E 04 = Schwanghart
<
£ = Lyasko
Z 0.3 4
5 = Febo
8
§ 021 = Saarilahti
)
01 - = regression
. function
0.0 +— — — — — — — — — — — —

250 200 150 250 200 150 250 200 150 250 200 150
Tyre pressure (kPa)

Figure 7. Comparison of calculated tyre footprint width with the measured values — Empty trailer

tractor tractor trailer trailer
front axle rear axle front axle rear axle
0.6 7 Nokian 380/85-28 Nokian 460/85-38  Alliance 500/45-22.5 Alliance 500/45-22.5
0.5 1 = measured data
E 04 = Schwanghart
%’ = Lyasko
2 0.3 A
S = Febo
it
g 02 = Saarilahti
O
01 - = regression
’ function
0.0

250 200 150 250 200 150 250 200 150 250 200 150

Tyre pressure (kPa)

Figure 8. Comparison of calculated tyre footprint width with the measured values — Loaded trailer

tion (11) — Febo (1987), it is the constant k = 36,
expressing the type of tyre, and in Equation (16)
— Saarilahti (2002), it is the transverse radius r,, for
the value of which it is recommended to use the
relation ), = b, /2.

In order to achieve a better match of the measured
and calculated values of tyre footprint width, a re-
gression function was created based on the meas-
ured data, into which a ratio of tyre width to profile
height b,/h and deformation d enter as variables,
as in Equation (18):

b = (—0‘28xb7” + 1.25]><(77><82 +3x8+1)  (18)

Notwithstanding the different dimensions of tyres,
results calculated according to the equation exhibit
a match with the measured data of 94% (7> = 0.953).
The results are shown in Figures 7 and 8 under 're-
gression function'.

In addition to the results of tyre contact area calcu-
lations from different authors, Figures 9 and 10 also
present two results of the calculation using the super
ellipse. The first calculation (Super ellipse 1) makes
use of tyre footprint length and width obtained from
the measured data. The second calculation (Super el-
lipse 2) makes use of tyre footprint length and width
calculated according to Equation (8) — Schwanghart
(2002) and Equation (18) — regression function.
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0.25 - front axle rear axle front axle rear axle

Nokian 460/85-38

Nokian 380/85-28

0.20 A

Contact area (m?)

250 200 150 250 200 150 250

Tyre pressure (kPa)

Alliance 500/45-22.5

Alliance 500/45-22.5 « measured data

= Schwanghart
= Lyasko
= Febo

= Saarilahti

= Super ellipse 1
— measured half-axes

= Super ellipse 2
— modified half-axes

200 150 250 200 150

Figure 9. Comparison of measured tyre contact area with the measured values — Empty trailer

tractor tractor trailer trailer
0.30 - front axle rear axle front axle rear axle
Nokian 380/85-28 Nokian 460/85-38 Alliance 500/45-22.5 Alliance 500/45-22.5 » measured data
0.25 A = Schwanghart
— = Lyasko
e 0.20 A
P = Febo
I
g 0.15 1 = Saarilahti
8
=
S 010 1 = Super ellipse 1
— measured half-axes
0.05 1 = Super ellipse 2
I — modified half-axes
0.00 - - — — — — — — — — - —
250 200 150 250 200 150 250 200 150 250 200 150

Tyre pressure (kPa)

Figure 10. Comparison of calculated tyre contact area with the measured values — Loaded trailer

Figures 9 and 10 show an increasing tyre con-
tact area with increasing tyre deformation caused
by a greater load or by reduced inflation pressure.
This information is in line with the results of re-
search published in references (e.g. Komandi 1976;
Schjening et al. 2008).

Similarly like in the tyre footprint length, the tyre
contact area exhibits a better match of measured
and calculated values in the trailer tyres (Super el-
lipse 1 — 95%, Super ellipse 2 — 82%). These tyres
feature a finer pattern with less protruding blocks
and a larger effective area (Figures 4C and 4D).
The shape of the super ellipse indicated in the fig-
ures, calculated using the exponent n according
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to Equation (3) — Keller (2005), represents an ideal
contact area which is somewhat larger than the
real contact area circumscribed by the green curve
in the figure. Comparisons of measured and calcu-
lated values in Figures 9 and 10 also show a certain
overrating of the calculated contact area, which
is lower in the tyre under load. The super ellipse
curve, calculated using the exponent # according
to Equation (3) — Keller (2005), accurately copies
the outer contact area shape, namely in the load-
ed tyre (Figure 4C). In spite of the fact that Equa-
tion (3) — Keller (2005) for the calculation of this
exponent is entered only by tyre dimensions and
is not dependent on tyre deformation, the shape
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Table 4. Match of measured and calculated values for the parameter of tyre footprint length
Measured Schwanghart, Saarilahti Lyasko Febo

0,
Match of data (%) values Equation (8) Equation (13)  Equation (10)
Footprint length of tractor and trailer tyres 100 75 74 67
Footprint length of tractor tyres 100 62 59 75
Footprint length of trailer tyres 100 86 89 59

Table 5. Match of measured and calculated values for the parameter of tyre footprint width

Match of data Measured Schwanghart Lyasko Febo Saarilahti Regression function
(%) values Equation (7) Equation (14) Equation (11) Equation (16) Equation (18)
Footprint width 100 77 50 69 58 94

Table 6. Match of measured and calculated values for the parameter of tyre contact area

Match of data Measured  Schwanghart Lyasko Febo Saarilahti  Super ellipse 1 ~ Super ellipse 2
(%) values Equation (6) Equation (12) Equation (9) Equation (6)  Equation (2) Equation (2)
Contact area 100 65 72 63 60 81 75
(tractor + trailer)

Contact area 100 57 75 66 81 95 82
(trailer)

Contact area 100 73 69 60 38 68 67

(tractor)

of the calculated super ellipse corresponds well
with the contours of the contact area of both load-
ed and unloaded tyres.

In tractor tyres, the best match with the measured
values was shown by Equation (6) — Schwanghart
(1991; 73%). Calculations using the super ellipse
exhibited a lower match (Super ellipse 1 — 68%, Su-
per ellipse 2 — 67%).

The markedly protruding pattern blocks of these
tyres create an effective surface area when in con-
tact with solid ground, which is significantly
smaller than the real contact area circumscribed
by a green curve in Figures 4A and 4B. Also, the
difference between the ideal contact area, which
is represented by super ellipse, and the meas-
ured values of the real contact area is greater than
in the trailer tyres with a finer pattern. However,
driving across the soil with lower bearing capac-
ity will result in tyre sinking, the contact area will
be larger than that shown in Figures 4A and 4B,
and the match of measured and calculated values
is likely to be more favourable. In conditions with
the deployment of machines, the calculation of the
tyre contact area is more meaningful in soils with
lower bearing capacity where it is one of the main

parameters for determining the contact pressure
with the soil and hence the degree of undesirable
soil compaction.

The overall match of measured and calculated data
for tractor and trailer tyres is the highest in Super
ellipse 1 with the measured half-axes (81%). In Su-
per ellipse 2 with the calculated half-axes, the value
is lower (75%), as the calculated input parameters
(contact length and contact width) have a certain
deviation from the measured values, which shows
in the resulting calculation. In spite of that, how-
ever, this method of calculation represents a better
match than the other calculation models (Febo 1987;
Schwanghart 1991; Lyasko 1994; Saarilahti 2002).

In the Discussion chapter, some empirical models
for calculating the contact area are compared with
the measured data, which are not entered by con-
tact length and contact width as variables. Models
selected for the comparison were those developed
by Komandi (1976) — Equation (19), Diserens
(2009, 2011) — Equations (21-23), and Grecenko
(1995) — Equation (20). The calculation models
are presented in Table 7, results of the comparison
in diagrams are shown in Figures 11-13, and the
match with the measured data is shown in Table 8.
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Table 7. Calculation models

Source Calculation model
0.5
¢, xF."7 x (b—”)
Komandi (1976) d
S = 0.45 (19)
b;
z 1
. F. )P 2 [3
Grecenko (1995) S=c x| =% | xb, x[rs x(d - 2><rs) } (20)
PKN
S =0.191xTS + 4.6x107° x F, — 14.8x107° x p, (21)
Diserens (2009, 2011) §=0.130xTS + 9.2x10° x F, — 53.5x107° x p, (22)
S =0.1174%xTS + 6.6x107° x F, — 18.3x107° x p, (23)

bp — tyre width (m); ¢, — coeflicient expressing the soil type (for good ground bearing capacity ¢, = 0.3); ¢; — coefficient
expressing the tyre type (for tyres of agricultural machines c; = 1.65); d — tyre diameter (m); F — static wheel loading (N);
Fyn — nominal wheel loading (N); p, — inflation pressure (kPa); r, — radius of loaded tyre (m); S — super ellipse area (m?);

TS — coefficient expressing the tyre size TS = b, x d (m?)

Table 8. Match of measured and calculated values for the parameter of tyre contact area

Measured Komandi Grecenko Diserens
V)

Match of data (%) values Equation (19) Equation (20) Equations (21-23)
Contact area

(tractor + trailer) 100 81 53 82
Con.tact area 100 - ” -

(trailer tyres)

Contact area 100 %0 2 “

(tractor tyres)

tractor — Nokian 380/85-28 (14.9-28)

measured data — empty trailer

Komandi — empty trailer

Grecenko — empty trailer

Diserens — empty trailer

— = = measured data — loaded trailer

Contact area (m?)

0.06 = = = Komandi — loaded trailer
0.04 = = = Grecenko — loaded trailer
0.02 - — — = Diserens — loaded trailer
0.00 T T T T 1
150 170 190 210 230 250
Tyre pressure (kPa)

Figure 11. Comparison of calculated contact area with the measured values — Tractor front axle
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tractor — Nokian 460/85-38 (18.4-38)

measured data — empty trailer
Komandi — empty trailer

Grecenko — empty trailer

Diserens — empty trailer

- measured data — loaded trailer

= Komandi - loaded trailer

= Grecenko — loaded trailer

— Diserens — loaded trailer

£
g
<
g
=
S}
O
0.05 A
0.00 T T T T 1
150 170 190 210 230

Tyre pressure (kPa)

250

Figure 12. Comparison of calculated contact areas with the measured values — Tractor rear axle

trailer — Alliance 500/45-22.5
0.20 A
018 + =~
016 1= -~ _ =3
0.14 A
0.12 A

measured data — empty trailer
Komandi — empty trailer

Grecenko — empty trailer

Diserens — empty trailer

- measured data — loaded trailer

00—
I

0.08 -

= Komandi — loaded trailer

0.06 A
0.04 A

Contact area (m?)

= Grecenko — loaded trailer

0.02 4

— Diserens — loaded trailer

0.00 T T T T
150 170 190 210 230

Tyre pressure (kPa)

250

Figure 13. Comparison of calculated contact areas with the measured values — Trailer tyres

DISCUSSION

Komandi (1976) measured the contact area of di-
agonal tyres on several soil types. The relation for
calculating the contact area is entered by the coef-
ficient c,, expressing the type of soil; the value cho-
sen in the calculation for bearing soil was ¢, = 0.3.
Although the relation was worked out based on the
measurements on several soil types, it expresses
a very good match (81%) with the values measured
on the hard ground and coefficient ¢, = 0.3.

Grecenko (1995) developed a number of relations
based on the measurement of contact area and data
from the catalogue sheets of tyres, which are en-
tered in addition to the tyre size also by a correction
coefficient expressing the ratio of real wheel load
to nominal load presented in the tyre catalogue.

Compared with the measured values, contact ar-
eas calculated according to Equation (20) are too
low (53%) and remain the same under changing in-
flation pressure. The difference between the calcu-
lated and measured data can be caused by the fact
that this calculation model specifies values from
the catalogue of tyres (namely on static radius r,),
which relate to new unworn tyres.

Diserens (2009, 2011) measured contact ar-
eas in 24 types of tyres representing sizes from
16" to 38". He classified the tyres according
to the parameter 'tyre size' (T'S) into three groups
- TS§<0.6; TS =0.6-1.2; TS > 1.2, developing a re-
gression function to calculate the contact area for
each of them. In addition to the TS parameter,
the relations are entered also by the parameters
of wheel load Fy and inflation pressure p,. The cal-
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culation made use of relations from the group
TS < 0.6 — front tractor tyres described by Equa-
tion (21), TS > 1.2 — rear tractor tyres described
by Equation (22) — Diserens et al. (2011) and the
relation for diagonal tyres was used for trailer tyres
according to Equation (23) — Diserens (2009).

Values calculated according to Equations (21-23)
exhibit a very good match with the measured
data (82%) although they were obtained neither
on the basis of the geometry of tyre contact with
the soil nor on the basis of the analysis of tyre
footprint shape.

Rosca (2014) used the calculation of the tyre
contact area by means of a super ellipse. In his
work, he considered the super ellipse exponent
n = 3.5 to be adequate for calculating the contact
area in a wide range of tyres. The value approxi-
mately agrees with the value of the super ellipse
exponent n = 3.2, calculated for the rear tractor
tyre 460/85-38 of the tested tractor-and-trailer unit.

CONCLUSION

Calculation models help determine the size
of the tyre contact area with the soil surface even
before the machine is put into operation. Deter-
mining the contact area of the tyre is important
in view of the efficiency of engine power transfer
to the soil surface, the formation of possible ero-
sion grooves and the risk of the soil profile com-
paction. In this paper, we compared the measured
values of the contact area in tractor and trailer tyres
with the calculation models developed by several
authors. The comparison of computational models
is important for choosing the model whose results
achieve the best agreement with the measured data.
In the first step, the comparison included calcula-
tion models using the tyre contact length and tyre
contact width as input parameters. At the same
time, the comparison also included the calculation
of the contact area with the use of a super ellipse
in which the exponent # was calculated, determin-
ing its shape for each tyre type.

Based on the measured values of the tyre con-
tact width, a relation was developed for its calcu-
lation according to tyre size and tyre deformation.
The match of the relation with the measured values
is 72 = 0.994.

The calculation of the tyre contact area by means
of a super ellipse for three different tyre types ex-
hibits match with the measured values 81% in the
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case of a super ellipse with the measured half-axes
and 75% in the case of a super ellipse with the cal-
culated half-axes.

In the second step, other empirical calculation
models were compared with the measured values,
which came into existence based on the statisti-
cal elaboration of results from the measurement
of contact area in several tyres. Some of these mod-
els show a very good match with the measured data
(up to 82%), which is comparable to or even higher
than the calculation by means of the super ellipse.
In our opinion, however, when the tyre deforma-
tion is entered, the calculation model using the
super ellipse is more appropriate for determining
the contact area size as it is based on the geometry
of the tyre contact with the ground.

As the super ellipse exponent #, calculated ac-
cording to Equation (3) — Keller (2005) determin-
ing its shape, depends only on the tyre dimensions
(width b, and diameter d), it would be useful
to complement the relation also with the depend-
ence on tyre deformation § in the future research.
The modified relation would better express the
outer tyre footprint shape and the opinions of some
other authors would be verified who claim that
the shape of the tyre footprint ranges from ellipse
to rectangle in dependence on its loading (defor-
mation) and inflation pressure.
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